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1 Problem Statement

1.1 The Boltzmann Transport Equation

From the Boltzmann transport equation, we have

df — (9f
% B (E>colly (1)
9of p

— 4+ =V, F-V,f=1I|f], 2

o T Vef +F -V f = 1f] (2)
where f is any density function, p is the momentum of the particles, F is the external
force, and I[f] is the collision integral. In the context of conductivity of electrons,

F=—¢E+vxB), (3)

and replacing the momentum p with the wavevector k, we have

df  hk e

—+— -V, f——(E B)- = I[f]. 4

5 T Vil — 7 (E+vXB)-Vif=1[f] (4)
If we consider a fluctuation to the equilibrium distribution fy(k) (the Fermi-Dirac distribution

here), then,
fr,k;t) = fo(k) + g(r, k; t) (5)
(assuming the material is uniform, the equilibrium distribution does not have any r

dependence). We could also rewrite the wavevector gradient by applying the chain rule
and using the relation between the group velocity and the energy. That is,

v o YK (6)
h afo — ka() = hv%
Vifo = (Vie) (g) c (7)

where v is the group velocity ¢ is the energy. Using all this, equation (4) becomes

0
Vg~ 1lfo +g) = By D 0

dg  hk e(E+v x B)
TR A

(note that v X B is perpendicular to v). Now, we only consider the case of uniform
fields (i.e. no r dependence), so we can drop the spatial gradient term. Also, for the
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conductivity tensor, we are only interested in the linear response to the electric field
E, so we can drop the electric field term on the left-hand side (g itself is in first order
with respect to the electric field, so multiplying by the electric field itself gives a term
of second order in the electric field). Finally, linearizing the collision integral in terms of
the fluctuation g, we have

Ifo+g) = / 0K Ok, K)g(K' 1) — / aK (K, K)g(k: £) + O(g?). (9)

where C'(k, k') is the scattering kernel. We call the two terms the in-scattering and out-
scattering terms respectively. The out-scattering is usually expressed with the relazation
time T or scattering rate I' = 1/7, which is equal to

i /dk’C(k’,k). (10)

Plugging in the expression for the collision integral into equation (8) and applying
the approximations, we get

(3 L _e(vxB) .vk>g(k;t)_/dk/C(k,k')g(k';t):eE~v%. (11)

€
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Depending on whether we want to study steady-state DC fields or AC fields, we can set
0/0t to equal to zero or perform a Fourier transform and set /0t = —iw. For the sake
of completeness, We will go with the latter case (just setting w = 0 and using the regular,
non-Fourier-trasformed fields would produce the former case easily).

This equation can be expressed as

/dk’v(k)A(k, k) g(k') = h(k) (12)
where
N w 1 _e(v(k) X B) o Ok K)
Ak, X) = ( o(K) + oK) (K) 3 Vi |o(k — k) o) (13)
h(k) = eE - V(k)%. (14)
Where v = ||v|| and ¥ = v/v. Separating the velocity magnitude v(k) seems like an

arbitrary choice here, but it is done with good reason. Later, it will make the formula
for the conductivity tensor more symmetric and makes the calculation of A a bit more
streamlined. The solution can be expressed as

1 / —1 / /
g(k) = m/dk A1k, K h(K), (15)

So, if we could discretize everything, this would just become a linear system of equations.
This is the goal of the finite element method (FEM).

1.2 The Conductivity Tensor

The current density is given by

e R /BZ dk v (k) f(k), (16)



where BZ is the Brillouin zone. The factor of 2 in the numerator is due to the two possible
spin configurations per wavevector k and the factor (27)? in the denominator comes from
the weighted sum over the wavevectors. The conductivity tensor is given by

aJ,
o ) 17
= 5k (17)
Since there are no currents in equilibrium, we have
2e dg(k)
b = — dk v, (k : 18
o (27r>d/Bz BTN (18)

plugging in the expression for g(k),

Top = — éj)d /B i ";“((kk; / dk' A~ (k, K)o (k’)(%};o) (19)

As T — 0, the Fermi-Dirac distribution becomes a step function, so the term df,/0e
becomes a Dirac delta at the Fermi energy If we apply the integral over the delta function,
an extra factor of (Vye)™t = (hv)~! (the Jacobian) is added. In the end, we have

Oap = — 27Tdh/FSdk/ dk' 0, (k) A~ (k, K)oy (K), (20)

where FS is the Fermi surface, and 0, = v,/v is the component of the velocity in the a
direction, divided by the full magnitude of the velocity.

1.3 The Collision Integral
1.3.1 The Relaxation Time Approximation (RTA)

The in-scattering term of the collision integral

/ k' Ok, K )g(K'; 1) (21)

is dropped in the relazation time approxrimation, which is the case for the Chambers
formula. Our goal here is to keep this term, as it especially becomes important when
there is strong anisotropy in the scattering, which is the case for cuprates. When the
scattering is roughly isotropic, C'(k, k) does not Strongly depend on k and, because of
charge conservation, [ dk'C(k,k')g(k’;t) =~ C [dk'g(k';t) = 0. Due to detailed balance
(discussed in the next paragraph), 1gnor1ng inelastic scattering, Ck, k') = C(K' k), so
if we consider any anisotropy in the out-scattering, we must do the same for the in-
scattering. This means the Chambers formula is just wrong for anisotropic scattering.
So, why does it work effectively anyway? The scattering in cuprates might only be
low-angle, so the in-scattering is small compared to the out-scattering.

1.3.2 Detailed Balance

Another important point to consider is that this linearization implicitly assumes detailed
balance, meaning that fj is in equilibrium. Mathematically, it can be expressed as

i) =0 = [acei i) = [ 0, (22)

This will be later used to impose constraints on the scattering kernel. Note that detailed
balance only ensures that fj is the equilibrium distribution, and it has nothing to do with
charge conservation.



1.3.3 Charge Conservation
Charge conservation can be expressed as

dn d

priin dk f(k) = 0. (23)
In our finite-element treatment of the problem, the integration domain is fixed. This
is admittedly a simplifying assumption. For example, think of a Fermi surface as the
integration domain. If we allow the chemical potential to change, then the Fermi surface
changes as well, so the integration domain is not fixed. Other alternative formulations
with variable domains can exist, but it does not concern our current formulation. Now,
with a fixed integration domain, we can pull the time derivative inside the integral, and
from the Boltzmann equation, we have

/dk%:/dk[[ﬂ:@. (24)

This means, for all functions f,

/ dk / k' C'(k, X) f(K') = / dk / dK' C(K, k) f (k). (25)

But, if you rename k and k' and swap the dummy integration variables, you can get
from the expression of one side to the other, and this is therefore identically true. The
linearization we chose for the collision integral is automatically charge-conserving, and
no additional constraints are needed.

2 Finite Element Method

2.1 Discretization

To solve this using the finite element method, we first define a set of basis functions, and
then approximate everything as a linear combination of these basis functions. So, the goal
is to express everything in equation (20) in terms of linear combinations of these basis
functions and transform the differential equation problem into a linear algebra problem.
To do this, we use the machinery of tensor calculus, but it is not necessary to have a deep
understanding of it. It is only used to simplify the notation.

Before we begin, remember the simple rule that when summing over an index, it
should be on the top for one quantity and on the bottom for another. If an index is not
summed over, then it will obviously stay where it is in the final quantity. We call this the
index contraction rule. The placement of indices on the top or the bottom has a deeper
connection with tensor calculus and covariance and contravariance, but it is not needed
to understand the procedures here. You can just think of it as a syntactic game. We will
also not use the Einstein summation convention, just to make things completely explicit
and hopefully clearer.

Defining the basis as the set {¢;(k)}, we can approximate any function by a linear
combination of these basis functions;

flk) = Z Fioi(k). (26)

4



Now, we would like to evaluate integrals over the Fermi surface. So, to make our notation
simpler, we can define quantities with subscripts to represent integrals. Also, notice these
are projections of the functions onto the basis functions.

fi= [ acotos ij/dk@ ),(K) (27)

It is useful to define the quantity

M;; = /dk oi(k)p;(k (28)
which we call the overlap matriz. Using it,

- Z M, f7, (29)

We now try to define the operator in this basis. The question is, where should we
put the indices for the matrix representing the action of operator A in this space? Well,
the action of such matrix on a vector f*should produce a new vector (Af)%. This should
be a linear combination of the components of the vector f. So, to abide by our rule of
index contraction, the symbol for the matrix of A should have one index on the bottom
to sum over the elements of f and one index on the top for each of the elements of the
resulting vector (Af)". Putting it all together,

(Af)k) = D (Af)'oilk ZAlm k). (30)

For the integrals, we have

)= [ o =34 [ ko =M e
To make it simpler, we can define the symbol
Ay = Z M, Ab (32)
k

so that

= Z Ay fi. (33)

From equations (29) and (32), we can see that the overlap matrix M performs the
action of lowering the indices. If we invert this matrix in each of these linear systems, we
have

=Y (Mg, (34)
A= (MR A, (35)

Again, the index placement is done by the index contraction rule. So we can see that the
inverse of the overlap matrix M ! performs the action of raising the indices. In tensor
algebra, the equivalent of this is the metric tensor.
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Finding the components of the vectors f! is easy; they are just the value of the
functions at each discrete point in our approximation space. But how do we find the
elements of the matrix A? The action of the operator A on a function f(k) is

(Af) (k) = [ d A1) 1) (36)
Inserting this into equation (31), and utilizing equation (33), we get
S auf = [ ko [ a<aK)s), (37)
J
expanding the function f(k’) in terms of the basis functions from equation (26),
> Ayf = / dk ¢;(K) / dk' A(k,K) ) fe;(K). (38)
- -

J

This is true for any function vector f7, so we can drop it from both sides. This finally
gives

Aij = /dk/dk’ oi(k)A(k, k")g; (k). (39)

Now that we know how to expand everything in this discrete basis, let us go back to
our original integral equation (12). We would like to solve

/wwmwmm:mm®zmm (40)

To express this equation in terms of the symbols we know, we can multiply both sides by
¢;(k) and integrate over k. This gives

[ ko) (Ag) k) = [ dicokngo) (1)
Using equations (27) and (33), this becomes
Expanding the left-hand side,

> Aig =hi (43)
J

and solving the linear system,
g =Y (A7)h,. (44)
J
Again, the index placement is done by the index contraction rule. The important result
is that we need to invert the A;; form of the matrix to get the inverse we need for our
case. B
(A7 = (Ay)~" (45)
Finally, to calculate the conductivity tensor from (20), we need to multiply v, with
A9, and take an integral over the result. To express this operation in our discrete basis,
consider two functions f and g. Their product is

fk)g(k) = Z fig (k) (k), (46)
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and the integral over this product is

[ 001 gyg/&@ DML DTN

So, the vector for one function needs to have indices on top and the other on the bottom.
From equation (44), we can see A0, has the form (A~1)¥(%,);, which would have an
index on top after contraction. Therefore, v, would have to have an index on the bottom
to perform the multiplication and integration.

Putting everything together, we have

i = ~ g 2 (00, (A7) (00 (48)

or, in terms of all the terms we know how to calculate,

Ogb = —%1 Z [(Z Mzk(@a)k> (AZJ)_l (Z Mjk<{}b>k>] : (49)

To do the computation in practice, M;; and A;; can be calculated from (28) and (39)
respectively, and (¢,)" and (7y)° vector components are the values of 0, and 0, at the
discrete points of our approximation space. Afterwards, all that will be left to do is two

matrix multiplications M, one linear system solution A~*(M,), and one dot product
(Mb,) + (A7 Mdy).

2.2 Differential Operator Terms

Splitting A into the comprising terms using (13) and (39) we have

Ay = / dk (—zw + <1k > (50)

- [ koo TIIXE) ;X w]( )

/dk/dk’gbz ))

(DVXB) + Sl] (51)

(k')

=T, - ?

The matrices I';;, D, g and S;; are called the out-scattering, derivative and in-scattering

matrices respectively.
Expanding the k-dependence in terms of the basis functions for the out-scattering

matrix I';; gives
Iy = Z/dk (—iw + le) ¢2(k)¢95:<)¢k(k) (52)
k

Let us define the tensor II,;;, and the vector ~*, such that

Hm=/&@®@®m®, (53)
Pij =32 Migey* = iw 1
e (54)
Vg VkTk



So, for any given basis, we have to calculate the II;;; tensor. The v* vector is given by
the velocity, frequency, and scattering kernel (or possibly the scattering rate 1/7 defined
“by hand” when ignoring in-scattering).

Expanding the k-dependence in terms of the basis functions for the in-scattering
matrix S;; gives

Cmn
Sy ==Y [ dic [ @ 0000000, 0)6,(1), (59
Let us define the tensor Z;;,,,, and the matrix s™", such that

S = [ dic [ 416,016,006, (000,K). (50

s = —Cmn. (57)

Um

Sij = 2amn Sigmns™" =

So, for any given basis, we have to calculate the =Z;;,,,, tensor and the s™" matrix is given
from the scattering kernel.

2.3 Piecewise Linear Basis for 2D Fermi Surfaces

The 2D case is a bit simpler and can help you gain a better understanding before moving
to the full 3D case.

We choose n points on k; to represent the Fermi surface. Then, the discretization
of the Fermi surface would be the line segments I; connecting these points. These line
segments are also called the elements. The length of each line segment is

Note that since our domain is a closed curve (the Fermi surface is closed), there are
periodic boundary conditions, which means the point ¢ = n + 1 is the same as i = 1
and ¢ = 0 is the same as ¢ = n. The simplest continuous basis one can define on these
elements is the piecewise linear basis. The basis function for each point k; on the Fermi
surface is linear on the connected elements and peaks at the point k;, equal to 1. It is
zero everywhere else. So, with the parametrization of each line segment I; as

x: I [0,1], (59)

then the basis functions can be defined as

x, k € [;_y; (60)
(k) = 41—, kel (61)
0, kel, j¢fi—1,i}. (62)

We can now calculate the matrices M;; and A;; in this basis. It is easy to see that,
because each element in these matrices contains the multiplication of two basis functions,
they are only nonzero when i and j are associated with the same point or neighboring
points.



For the overlap matrix,

M = [ ko Wato = [kl + [ aklo )

I I;

! ! lig + (63)
— / dl‘ 1'261'_1 +/ d.ﬁU (1 — .T)QEZ = u,
0 0 3
1 g
I 0
Therefore, the full overlap matrix is
b1+ 4 l;
My = === + ¢ (s + Gign). (65)
For the derivative term D, g, note that the part
(V(k) X B) - Vy (66)

is the directional derivative in the direction ¥(k) X B. Since the functions are only defined
on the discretized 2D rings in k-space, this is the dot product of the vector ¥(k) X B
with the direction of the vector k;,1 — k; (which is along the line segment I;), which we
call AIE,-. The diagonal terms vanish, since the integral over I; and I;_; are completely
the same, but with opposite signs; in the direction of k;_; to k;, the function ¢; increases
on [;_1, and in the direction of k; to k;,1, it decreases on I;. The neighboring terms are

v; x B) - Ak;
(D\”/x A)M‘.H = _(D\“/XB)H_M = /I dk ¢z(k) ( gl)

k3

(67)

~

:/Oldx(l—x)K\?iXB) ARZ] = <{’i><]z> .Aki,

So, the full matrix is
- o (0 i1 — Ointi
(Doxs)y; = (V X B) 'Aki(%) (68)

For the out-scattering term I';; = >, II;;57", only the elements where 7, j and k are
all associated with the same point or neighboring points are nonzero.

i = / dk (k)] +/ dk [¢:(k)) = / dx z°(; +/ dr (1 —2)%;_, = it iz 61_17
I; Iy 0 0 4
(69)
1
£
Wiris = Wignri = Mg = / dk [6: ()] i1 (k) = / do (1 —z)’xl; = o (70)
I; 0
2 ' ;i
Moo = Morsgio = onnns = [ dko(0lnal0)* = [ doalt = 2t = 15,
I; 0
(71)
i = — 14 — ik + E((SiJrl,j,k + 0ij-1k) + é(&',jﬂ,k + 0ijk—1) + 1—’;((51-’]-’“1 + (511(]7,;))
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Figure 1: visualization of the basis functions when the function peaks at each of the
three vertices of the triangle.

Multiplying this tensor by 7*, we get the full I 4 Matrix.

o+l o b licn b i
<— + =+ =y 1) Oij + —= (V' +97) 0y

T, —
j 1 1 12 12

0., . (73)
+ 1—; (7 + 97

2.4 Piecewise Linear Basis for 3D Fermi Surfaces

The discretization procedure for the 3D case can be a bit more complicated. In addition
to points, we also need to define some connecting surface for sets of points. In 2D, this
was easy because we could just connect pairs of points with line segments. In 3D, to
make the elements as simple as possible, we use triangles.

We define the Fermi surface by a set of points k; and triangles T'(i, j, k) connecting
the points k;, k; and k. Also, we define 7; as the set of triangles containing the point
k;. Then, defining piecewise linear basis functions, the basis function ¢; peaks with value
1 at the point k;, is linear on 7;, and is 0 everywhere else.

Each triangle is parametrized as

(@, y) : T(, 4, k) = {(z,9); © €[0,1], y € 0,1 — 2]}, (74)

so that each triangle is mapped to a unit right-angled triangle. With this mapping, the
basis functions can be defined as

l—z—y, k € T, (2,)max(s)) = (0,0); (75)
¢1<k> _ x, kel (xu y>maX(¢i) = (17 O)? (76)
Y, k € T}, (%, Y)max(s) = (0,1); (77)
0, k&T,. (78)

To visualize these basis functions more easily, you can look at Figure 1.

To compute integrals with this parametrization, we can just use the Jacobian of the
transformation. Here, the Jacobian is the ratio of the area of the triangle T'(i, j, k) to the
area of the unit right-angled triangle. Let us define it as

ali, j, k) = [I(k; — ki) x (kg — k). (79)
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Then, the integrals are transformed as

/ dk = «a(i, 7,k / dx/ ai j,k:)/da:dy. (80)
T(3,5,k) T

Now, for calculating each term, note that only the elements where the indices are the
same or belong to the same triangle have nonzero overlap (see Figure 2). Here are all the
nonzero terms in the matrices:

M;; = /dkgbl )i (k Z/ (k))? (81)

(4,5,k)ET; T(i.j.k)

= Z a(i,j,k)/dedy(l—x—y)QZ% Z (i, j, k),

(ivjvk)ETi (lj k)GTi
My = [acomo00= 3 [ dko 90,09 (52
(4,5,k)€T;NT; (4.4:k)
1
(ivjvk)ETimTj T (i,j,k)GTiﬂTj

= Z a(i,j,k)dedy(l—x—y)y

(4,5,k)€T;NT;

1 = [ dicoi(00, - > [ aemy (33)

(i,5,k)ET; (i:3:k)

= Z a(z‘,j,k:)/dedy(l—:E—y)SZ% Z a(i, j, k),

(4,5,k)€T;
[iij = i = Ty = / dk 6;(K)ps(K)o; (k) = ) / k))*¢;(k)  (84)

zykETﬁT ij)

= Z a(i,j,k)/da:dy(l —z—y)’r= 60 Z (i, j, k),

(4,5,k)ETiNT; (3,4,k)ET;NT;

L. 1
L, = /T(i’j’k) dk ¢;(k)o;(k)or(k) = (i, j, k) /de dy (1 —z —y)axy = an(z J k).
(85)

For the derivative term, first, we approximate v(k) as a piecewise constant unit vector
field normal to each triangle. That is,

v(k) =sgn(i, 7, k)i, j, k); n(i, 5, k) = (k; — ki) x (ky — k;), (86)

where n = n/||n| and sgn(s, j, k) = £1 is chosen such that the normals always point
outwards from the surface. Also note that ||n(i,7,k)|| = «(i,j,k). The other term we
need is gradient of ¢; on triangle T'(7, j, k). Since ¢; is linear on this triangle and peaks
at j, its gradient is a constant vector pointing to j and perpendicular to the opposite

edge ki — k;.
U—j(i,j, k)
u(i, j, k)’

11

Vio;(k) = (87)
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Figure 2: Only neighboring points have overlapping basis functions. Image taken from
the COMSOL website.

where u;(, 7, k) = ||u;(, , k)| and
(k; — k) - (kp — ki)

k — B4

(ky — k). (88)

The vector u;(4,J, k) is obtained by projecting the vector k; — k; onto the direction
perpendicular to the edge ki — k;. This is done by subtracting the component in the
direction of k; — k; from k; — k;. Using these calculations, we can finally compute the
derivative term.

(v(k) x 1“3) Vid; = (Vid; x v(K))-B = sgn(i, 5, k) (“ﬂ(”uf()zj r;g” k)> B. (89)

You can simplify this expression by hand. But, using a bit of geometric thinking, it can
be done in a simpler way: since u; is perpendicular to k; — kj and 1 is perpendicular to
the plane of the triangle such that it is generated by counterclockwise ("right-handed”)
cross products of vectors on the plane, u; X fi must be in the direction of k; — k. This

means
k; — ky,

ki — kel
Furthermore, u;(i, 7, k) and k; — ki, can be taken as the high and the base of the triangle

T(i,j, k) respectively, so the product of their norms is twice the area of the triangle,
which is the same as the Jacobian «(i, j, k). Putting it all together, we have

u;(i,7, k) X a(i, j,k) = u;(i, 7, k) (90)

~ > o Sgn@?j? k) o »
(v(k) X B) Vios =i Kok B (91)
Using this, we can compute the derivative matrix.
(Doxs)i = [ ko) (9() x B) - Vi, (09 (92)
. sgn(i, 7, k) .
= ali, g, k drdy(l—x—y)——————=(k; — ki) -B
> i) [ dedy(i— -yt 1)

(4,5,k)€T;NT;

1 . ~
= 6 Z Sgn(%]? k)(kl - kk) -B.

(4,5,k)€T3NT
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Note that this matrix is antisymmetric and the elements on the main diagonal are equal
to zero. The antisymmetry is apparent from the sgn(i, j, k) term. The diagonal being
zero is a bit more subtle. Think about what the sum means when 7 = j. We are summing
the edges not containing the point ¢ over all triangles containing 7. But, for any point
inside a closed surface, this just means going around the point 7 in a closed loop. So,
since we are concerned with closed surfaces, this is always zero.

Finally, for the in-scattering term, we have

S = ([ tkor10,00 ) [ a0 0,010,000 ) = a3
Sz] = Z EijmnSmn = Z MimMjnSmn. (94)

In summary, defining
( Q; = Z &(iaja k): (95)
Q5 = Z (ivjv k)a (96)

(4,4,k)€T3:NT

dyj= Y sen(i,j k)(k — k), (97)

(izjzk)GTim

\

the different matrices can be expressed as

(07 (07
Mz“ = —151 ZJ(S 98
P R% Ty (98)
ay’ " aw (i,7,k

Ly = ——— 8y | 0 00w | 0

Y (20 +zk: 60 ) + (60 7 +7) +Z 120 ik) (Jk>> @) (99)
1.

(Dox)ij = EB - dy0) - (100)

1 (1 mn ij
11 (Z Z QimQin S O im) O (jny + 0t 8"
m,n
1 mn 1 mj
-+ 5 Z Qi S 5(]71) + 5 Z Aim Q5 S 6(zm) .

d(5) is equal to 1 if 7 and j are neighboring points, and 0 otherwise. Technically, due to
the definitions, it is not really needed, but we include it to make things a bit clearer.

(101)

3 Scattering Kernel

The FEM allows us to use any arbitrary scattering kernel C'(k,k’). However, there is
still the question of how we should build it to have a useful model. A physically relevant
approach is to expand the scattering kernel in terms of basis functions that respect the
symmetries of the system. That is,

Ok, k) = anbwa )i (K, (102)
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where ), and 1), are basis functions based on the symmetries of the system. For example,
for a system with translational and rotational invariance, one can use spherical harmonics
as the basis functions.

Before going further, note that due to detailed balance, over a single Fermi surface
(i.e. no inelastic scattering), we have

C(k, k') =C(K k). (103)
Which, together with the reality of the scattering kernel, imposes
Cap = C5.. (104)

Mathematically, the scattering kernel C(k,k’) can be any arbitrary function (that
also satisfies the detailed balance condition). However, without any other constraints, it
creates a global interaction between the states, which kills the performance. The other
operators only involve interactions between neighboring elements, which produces sparse
matrices, with elements only on a few diagonals. This is what makes the this method
computationally efficient. Including the scattering kernel breaks this sparsity by having
interactions between arbitrary pairs of points, and nonzero elements in any position of the
matrices. Going to the basis based on the symmetries of the system, and then keeping
a limited number of coefficients in the expansion, helps maintain the performance by
reducing the rank of the matrices we have to deal with.

3.1 Change of Basis

In the symmetry basis, a function f(k) can be expressed as
fle) = Faba(k) (105)

(the same indexing notation with FEM is used to avoid confusion). From equation (26),

D_T'oik) = f (k). (106)

a

To get the coefficients f“ in the symmetry basis, we take the inner product of both sides
with v,. The symmetry basis is orthonormal, so we have

Foe S0 [ koo, (107)
In matrix form, this is
P U= [ o) (108)
J

where U is the change of basis matrix from the FEM basis to the symmetry basis.
To actually calculate the change of basis matrix, we can either numerically integrate
the symmetry basis functions over the FEM elements (with a method like Gaussian
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quadrature), or do it analytically. In 3D, the change of basis matrix is calculated as

U= Y [ akeiam = Y aGik) [ dedyvike )y
Gk e, Tkl Gk D)ET; T

(109)

= > Oé(j,/fJ)/TdfvdW;"(kj(l—x—y)+kkw+kzy)(1—fc—y) (110)

(49,k,1)€ET;

Before moving on to change of basis of the in-scattering matrix, we should familiarize
ourselves with the positioning of the indices. In the symmetry basis, the overlap matrix
is the identity matrix, because the basis functions are orthonormal. This means we can
freely raise and lower indices related to the symmetry basis. However, for the change of
basis matrix, we need to be careful with the ordering of the indices. The change of basis
U takes us from the FEM basis to the symmetry basis, so its first index, which is not
summed over, should always be the symmetry basis index.

Now, we rewrite the in-scattering term in the symmetry basis. From equation (102),

55— =3 [k [ 6000400 205 0)0,(1) (111)

Using the change of basis matrix, and carefully arranging the indices for correct
contraction, this can be rewritten as

Sy =Y UnSiUr = ULSU?, (112)
a,b a,b

which is precisely the change of basis formula for the matrix S from the symmetry basis
to the FEM basis.

3.2 Sherman—Morrison—Woodbury Formula

As discussed earlier, the in-scattering term breaks the sparsity of the differential matrix
A. However, the in-scattering matrix is actually of a low-rank. We can exploit this fact
to solve the matrix equations much more efficiently. If we split the differential matrix
into a sparse part Ao and a low-rank part UTSU, then the Sherman—Morrison—Woodbury
formula for the inverse gives

AT = (Ag+UTSU) = At — AJWUN (S + UA U TU A (113)

If there are Ngy, symmetry basis functions, then Aj Ut is Ngym sparse inversions, and
S—1 and (g_l + UAglUT)—l are two Ngym X Ngym dense matrix inversions. So, if Ngym
is small, the inversion will stay computationally efficient. If we choose an apropriate
symmetry basis, then the number of physically relevant terms in the expansion of the
scattering kernel should be limited, and Ngyy, should indeed be small.

3.3 Out-scattering Term

When calculating the out-scattering term from the scattering kernel instead of using an
external hypothesis, we need to integrate it over the Fermi surface (equation (10)). In
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order to do this, one can leverage the same basis functions, and split the integration into
multiple integrals over different elements. So, the equation becomes

> 200 =Y [ a oo m (114)

i i.J

For the 3D case with triangular elements, this means

—ZC”/ drdy ( l—x—y)zz%. (115)

i

The problem with this approach is that the approximation is too rough. This is equivalent
to assuming the kernel is constant over each element. A more accurate approach would
be to do a more sophisticated numerical integral of the kernel over each element (e.g.,
Gaussian quadrature). In the 3D case, this gives

% = Z/T drdy C(k(z,y),k;). (116)

This is more accurate, but very computationally expensive. There are as many integrals to
do as the number of triangles, for each point on the Fermi surface. This scales as O(N?),
which is even larger than the O(N?®/2) of the sparse matrix inversion, as discussed in the
next section.

Again, by moving to the symmetry basis, we can significantly reduce the
computational cost. In the symmetry basis, the (out-)scattering rate is given by

1 1
- ; Tszpb(k), (117)
L _ dk' C Kk (k

—E_g/ ot (K07 (K). (118)

Note that functions can also be expanded in terms of the complex conjugation of the
basis functions. Assuming the reality condition 7*(k) = 7(k) (which is satisfied by the
Hermicitiy of Cyp), this gives

- Z/dk(]* (119)

This gives uS Ngym X Nelements integrals to compute. If Ny, is small (as it should be),
this is much more efficient than the O(N?) integrals we had to compute in the FEM
basis. then after computing the integrals, we can go back to the FEM basis by applying
a change of basis. Using the FEM to symmetry change of basis matrix U, this gives

e

We need to be careful with the matrix inversion here, as it also involves moving FEM
indices that involve the overlap matrix. In order to avoid any mistakes, let us derive this
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directly from the change of basis of a vector from the symmetry basis to the FEM basis.
From equation (106), applying an inner product with an FEM basis function, we get

Zf%/qus, Zf“/dkz/za k)¢;(k), (121)
— ZMjiﬁ:ZUf‘*f“:Z e (122)

a

— fz _ Z ( )UUT fa (123)

a?j

As this change of basis is the inverse of U,
UE=>" (M Ul (124)

Since the matrix U is Ngym X Npgw, this matrix inversion is Ny, sparse inversions, which
is still more efficient thatn the O(N?) integrals we had to compute in the FEM basis.

3.4 Symmetry Basis Overlap Matrix

When using a perfect symmetry basis, the basis functions are orthonormal. However, in
real-world applications, we use a symmetry basis that only approximates the symmetries
of the system. This means that the symmetry basis also has a nontrivial overlap matrix,
which we can call M. Now, the change of basis from the FEM basis to the symmetry
basis becomes

S [ v Zf’/dk@ 52 (K). (125)
> Muf* = Uuf' (126)

This means that the change of basis matrix from the FEM basis to the symmetry basis

is replaced by ‘
o=y (M—1>anj. (127)

We should also be careful with the change of basis of the in-scattering matrix. The
positioning of the symmetry basis indices is not arbitrary anymore. This time, strictly

Ui = [ iz 190100 (128)
and so B ~
Sy =Y _ UsS™Uy =Y ULS"U,;. (129)
a,b a,b

This means that the only change from the orthonormal case is the positioning of the
indices, and the actual matrix calculations are the same as before. The only subtlety to
keep in mind is that the transformed velocity o should be transformed with U instead of
U this time.

What about the inverse change of basis, from the symmetry basis to the FEM basis?
Luckily, our sloppiness with the indices cancelled each other out, and the expression stays
the same.
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3.5 Gaussian Quadrature

To do the integrations of the basis functions of the symmetry basis over the FEM
elements, we can use the widely utilized Gaussian quadrature method. In this method,
one approximates the integral as a weighted sum of the function evaluated at specific
points in the integrations domain.

/ f@)do 3 wif ) (130)

The weights w; and the points x; are chosen to give exact results for polynomials up to
a certain degree.

For our 3D case, we need to do 2D Gaussian quadrature over traingular elements. In
the (z,y) coordinates of the unit right-angled triangle, this is expressed as

/Tdkf(k) ~ ATZwif(xi,yi). (131)

where Ar is the area of the triangle («(i, j, k)). As the elements we use are linear and
already introduce an error of O(h?), where h is the size of the elements, going up to a
quadrature that is exact for polynomials up to degree 2 should be sufficient. For this, the
integrals of the functions

1, z, y, 2 wmy, Y (132)

need to be exact. These are the integrals

( 1
/d:z:dy: = (133)
T 2
1
/dxdyx:/dxdyy:—, (134)
T T 6
1
/dxdy:EQZ/dxdnyZ—, (135)
T T 12
1
dedyzry = —. 136
- - (136)

The symmetry between x and y means that for any point (x;,y;) in the quadrature, there
is also a point (y;, ;) with the same weight w;. The points and weights must satisfy these

equations:
(
Z w; = % (137)
Xi:wﬂ?i = Xi:wiyi = é;
szxf = Zwiyf = %, (139)

1

(138)

\

The x coordinates and weights of one point can satisfy (138) and (139) for z, and the
mirror image can satisfy the same for y. Finally, we need an extra weight to satisfy (137).
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The last equation (140) can be satisfied by the xz and y coordinates of the final point.
This means we need 3 points in total. The equations then become

(W1 = W2, T1=1Y2, Y1 =Ty, (141)
2un +wy = 3, (142)

w1T) + wsly = é, (143)

wyTT + wyrs = 1—12, (144)

\ w33 = 2—14 (145)

Solving these equations gives two solutions, one with points on the edges and one with
points on the interior of the triangle. The latter probes more of the interior of the triangle,
so it is preferred. This solution is

1
W1 = W9 = W3 = 6, (146)
1
131—92:533:93:67 (147)
2
Y =122 =3 (148)

\

Higher order quadratures rarely help with linear elements.

For the change of basis matrix in 3D with linear elements, the integrand is a product
of a triangular coordinate and a symmetry basis function. So, to compute the value of
the integrand in this quadrature, we can reuse the quadrature coordinates. This is even
symmetric for each point k;. This makes the quadrature integral a very simple matrix
multiplication.

3.6 Real-Valued Basis Functions

While you could use complex-valued functions for the symmetry basis, if not handled
carefully, it can severely reduce the performance. Also, by having complex-valued
matrices, the memory usage is doubled. So, since it is better to stick to real-valued
basis functions if possible.

Due to the detailed balance condition, the scattering matrix is Hermitian. This means
there exists a real-valued basis for any scattering kernel, and limiting ourselves to real-
valued functions does not reduce the generality of our model.

For example, instead of the usual spherical harmonics, one can use their real-valued
counterparts, defined as

Y (6, 0) = %mmw, 6) + YViom(0.6)). (149)
Vi 10, 0) = —= (Yin(66) — Yi-(6.0)). (150)

V2i

Instead of complex valued cylindrical harmonics (which are just complex exponentials
e™?) | their real-valued counterparts are just sines and cosines.

19



3.7 Arbitrary Scattering Kernels

The method of expanding the scattering kernel in a symmetry basis is effectively a
projection into a low-rank subspace. So instead of using a symmetry-based basis like
spherical harmonics, we could also use any other arbitrary functions as the basis. The
only contraints are

1. C(k, k') > 0 everywhere, because it is representing the rate of transition between
states. A negative value would be inconsistent with the definition.

2. Keeping detailed balance. For elastic scattering this means C'(k, k') = C(k/, k).

This lets us construct the basis by hand to follow a certain shape.

In some cases, we have a specific scattering kernel, possibly derived from a microscopic
model, and it is not naturally expressed in terms of a low-rank expansion. In these cases,
to get a low-rank approximation of the kernel, we can do a singular value decomposition
of the kernel matrix in the FEM basis, and keep only the largest singular values. Then,
using methods like the Lanczos algorithm, we can compute the largest singular values and
the corresponding singular vectors, without solving the full eigendecomposition problem.

Because of the detailed balance condition, the kernel matrix is symmetric, so the
singular value decomposition is equivalent to an eigendecomposition, and the singular
values are just the absolute values of the eigenvalues. This means that the calculations
are exactly the same, since we have the eigenvectors as the basis functions.

In order for the decomposition to actually provide a performance boost, it needs to
be less expensive than the matrix inversions. However, if we first fully construct the
scattering matrix in the FEM basis and then apply the decomposition, the cost will be
O(N?), and we have constructed a dense matrix anyway. So, for this method to make
sense, we have to approximate the matrix with a lower-resolution version. This is achieved
by using a lower-resolution triangulation of the Fermi surface. This way, if we have a
mapping from the low-resolution points to the high-resolution points, we can construct
the full scattering matrix from the low-rank decomposition of the low-resolution matrix.
This can be achieved by least-square fitting of a few nearest neighbor points from the
low-resolution triangulation to each point in the high-resolution triangulation. Then, the
mapping gives

chish — pclow pT, (151)
and then, from the eigendecomposition of the low-resolution matrix, we have
Cv = VAVT, (152)
and so
chieh — (PV)A(PV)T = UTCU. (153)

This directly gives us the basis transformation matrix. What remains is the calculation of
the scattering rate. We can assume the representation of the scattering kernel in terms of
the basis is a linear combination of the FEM basis functions. Then, directly from (115),

1 2% T ~ab . 1 T | Fab
- Zi:aicij = Z = Zb: Utceu,, = Zb: (Z 50l | CU;. (154)
If we first apply the sum in the parentheses, then we never have to construct any large

dense matrix in the FEM basis.
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4 Implementation Details

4.1 Solving Matrix Equations

When sticking with the relaxation time approximation and ignoring the in-scattering,
the matrices are sparse, since there is only overlap between neighboring elements. Even
better, they are nearly banded, meaning that the nonzero elements are only on the main
diagonal and the minor diagonals surrounding it. We say nearly, because there are also
extra corner terms, coming from the periodic boundary conditions of the Brillouin zone.

For solving our matrix equations which involve nearly-banded matrices, there are two
approaches. The first is to treat the matrix as a general sparse matrix and utilize sparse
matrix solvers. The second approach is to use a banded matrix solver in combination
with some other method for handling the off-diagonal, periodic boundary terms.

In terms of time complexity, efficient sparse matrix solvers achieve O(N3/2)
performance, where N indicates the number of nonzero elements in the matrix. In our
systems, since the nonzero elements correspond to single-point terms and terms coming
from the interaction of closest neighbors (which do not grow with the size of the system),
N scales linearly with the number of discretization points of the system. Note that this
is only true when there is no in-scattering, since that term generates fully dense matrices,
because of the global interaction of states that the scattering Kernel introduces.

For a banded matrix solver, the time complexity is O(Nb?) where b is the bandwidth
of the matrix, which is defined as the number of nonzero diagonals. So, whether this
beats the sparse solver depends on the scaling of the bandwidth. For a 2D system, this
bandwidth is constant and equal to 3, so our system is just a tridiagonal matrix, with 2
corner terms coming from the endpoints of the closed Fermi surface interacting with each
other. This is extremely fast to solve, and thoroughly beats a sparse solver. However, for
3D systems, no matter how we index the points, the bandwidth of the matrix is about
VN and the time complexity will be around O(N?), which is a worse scaling than the
sparse solver.

To understand the 3D bandwidth scaling, picture a cylindrical surface. Imagine that
to construct this surface, we stack rings of points on top of each other. To index the
points, we number the points in each ring in order, and then move to the next layer.
Each point, in addition to being neighbors with points that have close index numbers,
is also neighbors with a point from the other end of the loop and also points from the
top and bottom rings. The difference of the index of these other points from the point is
around the number of points in a ring. Since there are N points in total on the surface,
the number of points in each of the rings should be around v/N. The nonzero elements are
belong to neighbors, and now we have neighbors that have indices that are v/N apart. On
the matrix, this is a point where row number and the column number (which correspond
to two different points) are v/ N apart, which means that it is V'N away from the main
diagonal. So, the bandwidth will be around 2v/N.

In practice, we see that the sparse solver is faster than the banded solver for any
system size, not just large systems. See Figure 3. So, I decided to use a sparse solver in
general.

4.2 Triangulation and Periodic Boundary Conditions

There are many different ways of dividing up the Fermi surface into triangles. We
tried any of these triangulation methods that we could find, and we found that there
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Figure 3: Comparison of the runtime of the sparse and banded implementations on a
wide range of system sizes. The banded solver is never faster.

is negligible difference between them. So, in the package, the simplest one is used, which
is marching cubes. This was already used before in the Chambers package.

One difference of the FEM and the Chambers formula is the fact that in the FEM, the
periodic boundary conditions of the Brillouin zone need to be enforced explicitly. This is
only required if we have a Fermi surface that crosses the boundaries of the Brillouin zone,
and the symmetry is broken in the axis where the crossing happens. So, for example, in
the case of ADMR, where we have a rotating field, pointing in arbitrary directions.

To enforce the periodic boundary conditions, we first assume the triangulated Fermi
surface has identical points on the opposite sides of the Brillouin zone on the axis where
the crossing happens. Then, to force these points to be the same in the solution, we
reduce the system to a smaller one with only unique points. Suppose we have some
vector b where we have a quantity attributed to each point on the full triangulated Fermi
surface. Now, the same quantity defined only on the unique points can be represented
by a vector with smaller number of dimensions, b’. To go from b to b’, we can define a
matrix P such that

b'=Pb = b= P'b. (155)

Most of the columns in P just contain a single 1, but for the points that are duplicated,
the corresponding column contains multiple 1s, one for each duplicate point. Now, we
have a matrix equation such that

Ax = b, (156)

and we want the quantity

c=a-x=a-(A"'b). (157)

Replacing the vectors with their reduced space versions, we have

APTX = PTY — x' = (PAPT) b’ (158)
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Then, the quantity we want is
o=a"x = (PTa)" (PTx) =a" (PAPT) 'V (159)

Therefore, just transforming everything to the reduced space and solving the system
there gives the correct result. It might be tempting to assume this is the same equation
as before the transformation. The key point is that P is not invertible, since it is not a
square matrix. So,

(PAPT)™ # PAT'PT. (160)

4.3 Curvature corrections

There is one very cheap correction we can do to improve the accuracy at low resolutions.
When triangulating a curved surface, we are always underestimating the surface area,
since the flat triangles always have less surface area than the patch on the curved surface
that they are approximating. This happens when the points are on the surface. Now,
imagine having the triangular faces tangent to the surface instead. In this case, the surface
area is much closer to the actual curved surface. In the limit, these two approximations
converge to the same surface, but at low resolutions, the tangent plane approximates the
surface area much better. To understand this intuitively, imagine taking a curved patch
of the surface and flattening it on a table. The resulting shape is the projection of the
curved patch onto the tangent plane. This looks close to the tangent face we are using,
but slight misalignments make it inexact. But it is still much better than the face that
has the vertices on the surface.

5 Results

5.1 Free Electrons

Figure 4 shows the comparison of the FEM to the Drude model for free electrons in two
dimensions. As expected, they match perfectly. The convergence is exponential, as seen
in Figure 5. The results are quite similar in 3D, so we do not include them here.

5.2 Cuprates

In the more complicated case of the cuprates, we only have the Chambers formula to
compare to. Since the Chambers formula itself is an approximation, it is hard to evaluate
the actual accuracy of the FEM. However, seeing as the results of the FEM converge
faster, and that the results of Chambers get closer to the results of the FEM at higher
resolutions we can be confident that the FEM is more accurate. See Figure 6 and 7 for
some comparisons. See Figure 8 for a comparison of the convergence. Also, you can see
from the comparison to the Drude model in Figure 9 that the FEM is more accurate at
calculating the resistivity for free electrons, which adds to the evidence that the FEM is
more accurate.

We can also see that the Ry of the FEM correctly converges to —1/ne at very high
fields. See Figure 10. This does not require high resolutions, and higher fields do not
require more computation, unlike the Chambers formula. This shows another advantage
of the FEM over the Chambers formula.
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Figure 4: Comparison of the FEM to the Drude model for free electrons in 2D at a
relatively low marching cubes resolution of 20.
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Figure 5: The maximum relative error of the FEM compared to the Drude model for
free electrons in 2D as a function of the marching cubes resolution. The convergence is
exponential, and we already hit 99.9% accuracy at a resolution of around 20. The
jaggedness is because of imperfections in the triangulation.
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Figure 6: Comparison of the ADMR of Nd-LSCO calculated by the FEM and the
Chambers formula. By focusing on the relative changes only instead of the full absolute
resistivity, we can see that the models are quite similar.
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Figure 7: Comparison of the magnetoresistance of Nd-LSCO calculated by the FEM
and the Chambers formula. This is at high resolution, and there is even a larger
discrepency at lower resolutions. However, most of the discrepency comes from a

difference in the absolute value, and the relative changes are quite similar.
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Figure 8: The convergence of the FEM and the Chambers formula for Nd-LSCO. As you
can see, the FEM converges faster, which indicates that it is probably more accurate.
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Figure 9: The resistivity of free electrons is 3D, as calculated by the FEM and the
Chambers formula (with similar resolutions), compared to the Drude model that is the
exact solution here. As you can see, the FEM is more accurate.
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Figure 10: The Hall coefficient of Nd-LSCO calculated by the FEM and the Chambers
formula. Both correctly converge to —1/ne at high fields.

5.3 Performance

As seen in Figure 6 from the previous section, the FEM is 5 to 6 times faster than
the Chambers formula at resolutions with similar accuracy. Keep in mind that this is
a comparison to the marching squares implementation, which is faster but not always
possible to use, as the absolute value of the resistivity can be quite inaccurate.

Having said that, the true power of the FEM becomes apparent in cleaner materials
like PdCoOs. The FEM can be two orders of magnitude faster. For an example, see
Figure 11.
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Figure 11: Comparison of the ADMR of PdCoO, calculated by the FEM and the
Chambers formula. The FEM is more than 120 times faster at similar accuracy.
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